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Abstract 
Finite amplitude stability due to process damping is an intermediate state between fully stable and fully unstable vibrations in
machining. In this state, the amplitude of vibration increases and stabilizes at a certain magnitude before the tool disengages from
the cut. In the literature, this phenomenon has been studied experimentally and by conducting numerical simulations in turning, but
to the best of our knowledge, it has not been reported in milling. In this paper, the existence of this phenomenon in milling is
investigated experimentally and numerically. In addition, an amplitude-dependent formulation of process damping is integrated into
the Semi Discretization Method of computing stability lobes to determine the borders of finite amplitude stability region in milling.
Both the experimental evidence and numerical simulations showed the finite amplitude stability to also occur in milling. Moreover,
the accuracy of the presented Semi Discretization Method in the prediction of finite amplitude stability region is verified by the
experimental results and numerical simulations. 
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1. Introduction 
Wu [1] assumed the ploughing forces arising due to 
the indentation of the tool into surface undulations to be 
proportional to the volume of the material extruded 
under the flank face of the tool. This indentation model 
was shown to be the main reason of the damping 
generated at the tool/workpiece known as the process 
damping. Integrating this model of ploughing forces in 
numerical simulations of various machining processes 
led to accurate predictions of the stability borders at low 
cutting speeds [2-7]. However, this accuracy is achieved 
at the expense of increased computational cost [8]. On 
the other hand, as shown by Ahmadi and Ismail in [9], 
the linear approximations of the indentation model, such 
as the ones presented in [10 and 11], result in neglecting 
finite amplitude stability that happens due to process 
damping nonlinearity. At finite amplitude stability cuts, 
beyond the border of stability, the amplitude of vibration 
increases and stabilizes at certain magnitude before the 
tool disengages from the workpiece. Ahmadi and Ismail 
[8] also integrated a new formulation of the equivalent
viscous model of process damping into a frequency
domain analysis to establish the amplitude-dependent
stability lobes in turning.  
In turning, finite amplitude stability due to process
damping has been studied analytically and
experimentally [9, 8], yet its existence in milling has not
been reported in the literature. In [12], the authors of the
current paper developed the stability lobes in milling by
including process damping in the formulation of the
Semi Discretization Method (SDM). However, they
neglected the possibility of finite amplitude stability and
assumed small amplitude vibration to develop only the
lower limit of finite amplitude stability region. In this
paper, a set of milling experiments and numerical
simulations are conducted to show the possibility of
finite amplitude stability due to process damping in
milling. Furthermore, having shown the possibility of
this phenomenon in milling, the previous work of the
present authors in [12] is extended to computing the 
upper limit of finite amplitude stability region as well.   
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In the next section, the concept of finite amplitude 
stability due to process damping is briefly explained and 
the difficulties involved in extending this concept to 
milling are discussed. This is followed by presenting the 
results of numerical simulations in Section 3. Also in 
this section, an equivalent viscous model of process 
damping is integrated into the SDM to compute the 
limits of finite amplitude stability region. Finally, in 
Section 4, the existence of finite amplitude stability in 
milling and the accuracy of computed borders of finite 
amplitude stability region are verified experimentally. 
2. Finite Amplitude Stability 
Fig. 1 shows the geometry of uncut chip in turning, 
part (a), and two different milling geometries, parts (b) 
and (c). Fig. 1(b) also shows the 2DOF model used in 
this paper and [12] to describe the dynamics of tool 
vibration. In this model, Kx, Ky, Cx, Cy, Mx, and My are 
the stiffness, damping coefficient, and mass of the 
system in the X and Y directions, respectively. The 
cutting forces in the radial and tangential directions, Fr 
and Ft, consist of the shearing and ploughing 
components. Their shearing components, Fts and Frs, are 
computed using the following mechanistic model: 
ts t
rs r ts
F K bh
F K F
=
=   (1) 
where Kt and Kr are the experimentally determined 
cutting force coefficients [13]. The ploughing 
components, Ftp and Frp, are computed using Wu’s 
indentation model [1]: 
.rp sp
tp rp
F K V
F Fμ
=
=
 (1) 
In Equation (2), Ksp, ȝ, and V are the specific 
indentation force, coulomb friction coefficient, and 
extruded material’s volume, respectively. In milling, the 
cutting arc is determined by the start and exit angles, ĳst 
and ĳex, respectively. These angles are ĳst=0϶ and ĳex 
=90϶ for case (b), ½ immersion upmilling, and ĳst =45϶ 
and ĳex =135϶ for case (c). 
 In all of the cases shown in Fig. 1, the total uncut 
chip thickness, h, consists of the harmonic, hH, and 
regenerative, hreg, components; the former, shown with 
the hatched area in Fig. 1, is generated due to the feed 
motion of the tool and the latter is formed due to the 
phase difference between the undulations generated in 
consecutive passes. Shin and Tobias [14] showed that 
when the amplitude of the regenerative component 
reaches Acr, the tool jumps out of the cut: 
2sin
2
H
cr
hA
ε
=
                                               (2) 
 
Fig. 1. (a) Turning (b) ½ immersion up-milling (c) milling with 
ĳst=45϶ and ĳex=135϶ 
In this equation, İ is the phase difference between the
undulations generated in consecutive passes. While in
turning, hH stays constant at the feed per revolution, st , it
varies according to the following equation in milling: 
( )sin ; 1..H t jh s j Nϕ= =   (3) 
In this equation, ĳj is the angular position of the jth
cutting edge measured from the Y direction. hH varies
between zero and st in ½-immersion up milling, and
between stsinĳst and st in case (c). As explained in the
rest of this section, the variation of the harmonic
component of chip results in different outcomes when
studying finite amplitude stability due to process
damping in turning and milling.  
In turning, at each spindle speed, by increasing the
width of cut beyond the border of stability, the amplitude
of vibration increases. However, depending on the level
of process damping, two different scenarios may happen
afterwards. In finite amplitude stability cuts, the elevated
amplitude leads to higher process damping and the
vibration stabilizes at amplitude smaller than Acr. In
unstable cuts, the amplitude increases until it exceeds Acr
and the tool leaves the cut periodically. Ahmadi and
Ismail [8] approximated the ploughing forces of
Equation (2) with the following viscous model of
process damping, and then, integrated that model in a
frequency domain analysis to determine the region of
finite amplitude stability in turning: 
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In Equation (5), r is the tool deflection in the normal 
to cutting direction, L is the length of undulation waves, 
and W is the tool wear. The constant coefficients p, Į, ȕL, 
ȕW, are given in [8], in terms of the amplitude of 
vibration (A) and tool clearance angle (Ȗ). For small 
amplitudes of vibration these constants are 
0; 0.25; 2L wpβ α β= = = =   (5) 
While the lower limit of finite amplitude stability 
region is obtained using the damping coefficient 
associated with the values of Equation (6), the upper 
limit is computed using the ones associated with Acr.  
In the ½ immersion up-milling operation, shown in 
Fig. 1(b), hH starts from zero at the beginning of the cut 
and thus by the smallest increase in the vibration 
amplitude the tool jumps out of the cut. That is why, in 
this operation, finite amplitude stability due to process 
damping is not possible. In the case of Fig. 1(c), 
however, the chip thickness varies between 0.707st and 
st. Because of the non-zero hH along the cutting arc, the 
elevated process damping can stabilize the vibration 
before its amplitude reaches Acr. Observations from Fig. 
1(b) and Fig. 1(c) suggest that if hH stays non-zero along 
the entire cutting arc, finite amplitude stability due to 
process damping is possible in milling. A numerical 
study is presented next to further clarify this point. 
3. Numerical Simulations 
Fig. 2(a) shows the stability lobes computed in [12] 
for a ½ immersion up-milling operation. In this example, 
the modal parameters of the 2DOF vibratory model are 
Kx=5.6×106 N/m, Cx=115.29 Ns/m, Mx=0.39Kg, fx=603 Hz, 
Ky=5.7×106 N/m, Cy=95.35 Ns/m, My=0.32Kg, fy=666 Hz. The 
workpiece is an Aluminum block and the shearing and 
ploughing force constants are Kt=700 MPa, Kr=0.07, 
Ksp=1.5×1014 N/m3, ȝ=0.3. The tool is a 25.4mm 
diameter endmill with three straight (nonhelical) teeth. 
The clearance angle of the tooth is 7ͼ and the cutting 
edge has a wear land of 0.08mm. The lobes of Fig. 2(a) 
were computed by assuming small amplitude vibration. 
Therefore, Ceq obtained by substituting the parameters of 
Equation (6) into Equation (5) was integrated in the 
SDM to determine the stability of the cut. Also shown in 
Fig. 2(a) are the stable and unstable points obtained from 
the numerical simulation of this process; the stable 
points are marked with circles and the unstable ones 
with crosses.  
Since the processes of computing the lobes and
numerical simulations are available in [12], they are not
repeated in this paper. According to this figure, at the
same speed, the unstable and stable points are very close
but they lie at opposite sides of lower stability lobes. No
finite amplitude stability is detected between the stable
and unstable points. For illustration purposes, the results
of simulation at P1 and P2 (two points shown in Fig.
2(a)) are shown in Fig. 3. The regenerative component
of the tool deflection and cutting force are normalized by
the axial depth of cut. The amplitude of regenerative
component dies down to zero at P1, below the lower
stability lobes, and grows at P2, above the lobes. The
vibration amplitude stabilizes at 3 ȝm due to the tool
periodic disengagement from the cut. The drop of the
cutting force to zero, shown in Fig. 3(d), is an indication
of tool disengagement.  
 
Fig. 2. (a) lower lobes calculated for half immersion up-milling in [12] 
(b) lower (thin line), and upper (thick line) lobes for ĳst=45϶, and 
ĳst=135϶, and numerically simulated stable (circles), unstable (crosses), 
and finite amplitude stability (triangles) points. 
The lobes for small amplitude vibration are also
computed for milling between ĳst=45ͼ, and ĳex=135ͼ
using the same parameters of Fig. 2(aሻ. The computed
lobes are shown in Fig. 2(bሻǤ Numerical simulations are
carried out to examine the steady state of a set of cutting
points; in this figure, the status of the cut is
demonstrated with circles, triangles, and crosses. The
circles stand for stable, the triangles for finite amplitude
stability due to process damping, and the crosses for the
unstable points. The amplitude of regeneration
component dies down to zero at the stable points, similar
to P1 in Fig. 3, but it increases at the unstable and finite
amplitude stability points. To compare the finite
amplitude stability points with the unstable ones, the
results of numerical simulation at P3 and P4 (two points
shown in Fig. 2(b)) are shown in Fig. 4. The amplitude
of regenerated vibration at P4 stabilizes at 100 ȝm, and
the cutting force drops to zero due to tool
disengagement. At P3, the amplitude of vibration
stabilizes at 30 ȝm, but the steady state cutting force
never drops to zero during any tooth-passing period. At
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P3, the amplitude of vibration is even larger than the 
amplitude of unstable point, P2, in ½-immersion up-
milling. That is why the cut at this point is regarded as 
finite amplitude stable due to process damping. 
The region of finite amplitude stability due to process 
damping falls between the lower and upper stability 
lobes. Having calculated the lower stability lobes in [12] 
and demonstrated the feasibility of finite amplitude 
stability in milling in the previous section, the 
calculation of upper stability lobes in milling is 
presented in this section. Apart from calculating the 
coefficient of equivalent viscous damper, the rest of the 
procedure is similar to that of the lower lobes presented 
in [12]. 
 
 
Fig. 3. The regenerated tool deflection in the feed direction, and total 
cutting forces resulted from simulation of P1 (a, and b), and P2 (c, and 
d). 
 
Fig. 4. The regenerated tool deflection in the feed direction, and total 
cutting forces resulted from simulation of P3 (a, and b), and P4 (c, and 
d). 
The upper limit of finite amplitude stability region is 
associated with the amplitude at which the tool leaves 
the cut, i.e. Acr. While Acr is computed directly from 
Equation (3) in turning, its computation in milling is 
more involved due to the variation of hH along the 
cutting arc. According to Equations (3) and (4), Acr 
varies depending on the angular position of the tooth at 
the moment of separation. In this work, however, the 
disengagement is assumed to happen at the angular 
position corresponding to the minimum value of hH 
between ĳst and ĳex; for example, in ½ immersion up-
milling, this angle is 0ͼ, and in down-milling, it is 180ͼ.
Substituting the minimum value of hH into Equation (3),
the amplitude of vibration in the radial direction at the
point of separation is obtained as 
( )( )min sin
;
2
t
cr st ex
s
A
ϕ
ϕ ϕ ϕ= < <
            (6) 
This amplitude, unlike in turning, does not stay
constant during any one tooth-passing period at steady
state. The amplitude of vibration varies due to the
cutting interruption and harmonic excitation at the tooth-
passing frequency. The variation of vibration amplitude,
in turn, results in the variation of the viscous damping
coefficient. To simplify the computation of the damping
coefficient in Equation (5), the amplitude of vibration in
the radial direction is assumed to stay constant during
one tooth passing period. For instance, in the case of
Fig.2 (b), the minimum hH is 50 ȝm and happens at
ĳ=45ͼ or ĳ=135ͼ. Accordingly, Acr is calculated at 35ȝm
from Equation (7). The amplitude of vibration in the
radial direction is assumed to stay constant at 35 ȝm
during one tooth engagement, and the following steps
are executed to calculate the upper stability lobes shown
in Fig.2(b) with the thick line:  
1- For Acr=35 ȝm, and Ȗ=7϶, the constants in Equation
(5) are extracted from [8] at Į=0.586, ȕw=2, and
ȕL=-0.33.  
2- The natural frequency and modal stiffness of the
tool in the X and Y directions are typically close to
each other. Therefore, the chatter frequency is
assumed to be equal to the average natural
frequency: fc=(fx+fy)/2. If the tool structural stiffness
in the X and Y directions were different, the chatter
frequency would be selected equal to the natural
frequency of the more compliant mode.  
3- The wavelength is obtained from L=ȍR/fc, where ȍ
is the spindle rotational speed in rad/s. 
4- By substituting L from step 3, and Į=0.586, ȕw=2,
ȕL=-0.33, and W=0.08mm in Equation (5), Ceq is
calculated at each spindle speed. 
The calculated Ceq is employed in the SDM,
presented in [12], to calculate the upper bound lobes.
The computed finite amplitude region reasonably agrees
with the results of numerical simulation. The slight over-
estimation of the upper lobes is associated with the
assumption made about the amplitude of vibration. The
regeneration component of tool deflection in the radial
direction during one tooth-passing period at P4 is shown
in Fig. 5. At the beginning of engagement, where the
tool jumps out of the cut, the amplitude of vibration is
close to 35ȝm. Although the amplitude stays fairly
constant during the rest of the tooth-passing period, it is
 K. Ahmadi and F. Ismail /  Procedia CIRP  1 ( 2012 )  60 – 65 64
less than 35 ȝm. In the next section, this issue will be 
further elaborated on. 
4. Experimental Results 
In this part, a set of cutting experiments is conducted 
to study the occurrence of finite amplitude stability in 
milling and to examine the performance of the presented 
method in the prediction of stability borders. The 
experimental results presented in [12] showed that finite 
amplitude stability due to process damping does not 
happen in ½- and full-immersion cuts. In the current 
cutting tests, a milling operation with ĳst=45϶ and 
ĳex=135϶, where finite amplitude stability happens, is 
studied. 
 
 
Fig. 5. The regeneration component of tool deflection in the radial 
direction during one tooth-passing period at the steady state for P4, 
shown in Fig. 2(b) 
An aluminum workpiece is bolted to a 3-axis table 
dynamometer, and both of them are rigidly attached to 
DCKEL-MAHO 5-axis milling centre. For all of the 
tests, a milling tool with single insert is used, the 
clearance angle is 7϶, and flank wear of width 0.08 mm 
is generated by grinding the cutting edge. The feedrate is 
kept constant at 0.05 mm/tooth. The following modal 
parameters were obtained at the tool tip: 
4.74x
NK
mμ
=
, 4.27 ,y
NK
mμ
= 346 xf Hz= , 336 ,yf Hz=
0.015xζ = , 0.015yζ =  
The cutting force coefficients for the Aluminum 
workpiece are measured at Kt=900 MPa, and Kr=0.6. 
The specific indentation force, Ksp, and the coulomb 
friction coefficient, ȝ, for Aluminum workpiece were 
reported in [2] at 1.5×1014 N/m3, and 0.3, respectively.  
The upper stability lobes shown in Fig. 6 were 
computed using the method presented in the previous 
section. The amplitude of vibration during one tooth 
engagement was assumed to remain constant at 
Acr=25ȝm. Since the feedrate in this test is 0.05 
mm/tooth, Acr associated with the minimum chip 
thickness is calculated at 25 ȝm. Also shown in this 
figure are the experimentally measured stable, unstable 
and finite amplitude stability cuts demonstrated by 
circles, crosses and triangles, respectively. All of the
stable points are located below the lower lobes.
However, many unstable points fall below the upper
lobes.  
To investigate the reason of stability over-estimation,
numerical simulation is conducted at 950 rpm and b=2.5
mm, which is an unstable point according to the
experiments and finite amplitude stability point
according to the computed upper bound. 
 
 
Fig. 6. Calculated lower lobes (thin line), and upper lobes using 
different values of Acr. Experimentally measured stable (circles), 
unstable (crosses), and finite amplitude stability (triangles). 
 
Fig. 7. The regeneration component of tool deflection in the radial 
direction during one tooth-passing period at steady state: 950 rpm, 
b=2.5mm of ĳst=45϶, and ĳex=145϶. 
The regeneration component of the radial deflection
of tool during one tooth-passing period at the steady
state is shown in Fig. 7. According to this figure,
assuming 25 ȝm for the amplitude of vibration during
the entire tooth-passing period will result in the over-
estimation of vibration amplitude and increased process
damping. The upper bound lobes computed using Acr=10
ȝm and Acr=15 ȝm are shown in Fig. 6. The lobes
calculated using Acr=15 ȝm still over-estimate the finite
amplitude stability borders, but the ones at Acr=10 ȝm
seem to be fairly close to the experimental evidence. 
For further investigation, the stability lobes are
calculated for the same cutting system, but with four
cutting teeth and no runout. Fig. 8 shows the lower and
upper bound lobes obtained for a system similar to Fig.
6, except that the number of cutting teeth is now four.
By increasing the number of teeth, the cut becomes less
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interrupted and the amplitude of vibration stays 
relatively constant during the tooth engagement. Fig. 9 
shows the regeneration component of the tool deflection 
in the radial direction simulated at 750 RPM, b=1mm, 
and N=4 during one tooth passing period; the amplitude 
of vibration stays close to 25ȝm during the entire period. 
The stability of the cut at a set of spindle speeds and 
depths of cut is examined using numerical simulations 
and the results are shown in Fig. 8. In this case, the 
upper bound lobes obtained from Acr=25ȝm accurately 
predict the border between finite amplitude stability and 
unstable cuts. 
 
 
Fig. 8. Computed upper (thick line) bound lobes using Acr=25ȝm and 
lower bound lobes (thin line) of ĳst=45϶, ĳex=145϶, and with four 
cutting teeth; stable (circles), unstable (crosses) and finite amplitude 
stability (triangles) points obtained from numerical simulation 
 
Fig. 9. The regeneration component of tool deflection in the radial 
direction during one tooth-passing period at steady state, 750 rpm, 
b=1mm of ĳst=45϶, ĳex=145϶, and four cutting teeth 
5. Conclusions 
In this paper, the phenomenon of finite amplitude 
stability duo to process damping was investigated in 
milling. Both the experimental results and numerical 
simulations showed the finite amplitude stability due to 
process damping to occur in milling. Yet, this 
phenomenon happens only at specific milling geometries 
where the minimum feed-generated chip thickness is 
non-zero.  
The approach to computing the upper bound of the 
finite amplitude stability region in milling was 
developed in this work. The lower bound had been 
developed by the present authors previously assuming 
small amplitude vibration [12]. The accuracy of the
presented upper and lower bounds were examined by
conducting a series of cutting experiments. While the
experimental results showed a great agreement with the
lower bound, they also revealed that the accuracy of the
upper bound depends on the proper approximation of
Acr.  
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